We show that the trichromatic manipulation of the absorption spectrum leads to sub-half-wavelength atom localization. In particular, a three-level atom in the configuration is considered, in which one transition is coupled by a trichromatic field with one sideband component being a standing-wave field while the other transition is probed by a weak monochromatic field. By varying the sum of relative phases of the sideband components of the trichromatic field to the central component, the atom is localized in either of the two half-wavelength regions with 50% detecting probability when the absorption spectrum is measured.
Introduction
Many techniques based on optical methods to measure the position of an atom have been developed in recent years. Because of the higher spatial resolution, optical methods have their potential applications in the optical manipulations of atomic degrees of freedom. The external degrees of freedom are controlled at the quantum level by cooling the atoms [1] [2] [3] [4] . The Bose-Einstein condensate provides a new state of matter and offers exciting opportunities to study collective effects in a quantum gas with powerful diagnostic methods in laser spectroscopy [5] [6] [7] [8] . By using optical lattices, cold atoms are localized with a sub-wavelength separation between sites [9] [10] [11] [12] . Of particular interest, many schemes have been proposed for precise position measurement of the moving atoms. Earlier schemes utilize the measurement of the phase shift of either the standing wave [13, 14] or the atomic dipole [15] due to the interaction of the atom with the standing-wave field, the entanglement between the atom's position and its internal states [16] , and the resonance imaging methods [17, 18] . More recently, Zubairy and co-workers investigated the position distribution of atoms based on resonance fluorescence [19] . By using a simple two-level system interacting with the classical standing-wave field, they showed that the Stark splitting of the atomic levels is position dependent and that the spontaneously emitted photon carries the information of the atomic centre-of-mass motion. The Zubairy group also suggested a localization scheme based on Autler-Townes spontaneous spectrum [20] . In that scheme a three-level atom is considered, in which either of two levels that are involved in spontaneous emission transition is coupled to the auxiliary level by a classical standing-wave field. The position information of the atom along the standing-wave field is achieved by detecting the spontaneously emitted photon.
Probe absorption as well as spontaneous emission has been used for atom localization. Paspalakis and Knight [21] proposed a scheme based on electromagnetically induced transparency [22] , in which a three-level system interacts with a standing-wave field and a weak monochromatic probe field. The measurement of the probe field absorption or the population of the upper state gives the position information of the atom. For the above schemes, four equally probable localization peaks distribute in a unit wavelength domain of the standingwave field and there is 25% detecting probability in the sub-wavelength domain. In order to enhance the precision in localization of an atom, Liu et al [23] presented a scheme based on the interference of double dark resonances, in which an additional coherent perturbation field is added in a conventional configuration. This results in the atom localized just at the nodes of the standing-wave field with higher precision and the detecting probability raised to 50%. Zubairy and co-workers [24, 25] predicted that the atom is localized in either of the two half-wavelength regions of the standing-wave field, which is termed sub-half-wavelength localization. They used a four-level system, in which the excited state of the probe transition is coupled to two auxiliary levels in a loop configuration by a standing-wave field and two travelling-wave fields. By the amplitude and the phase control of the driving fields, the measurement of the spontaneously emitted photon or the weak probe field absorption leads to the sub-half-wavelength localization. At the moment, the detecting probability of the atom within the sub-wavelength domain reaches 50%.
In this paper, we show that trichromatic phase control provides an alternative way by which the sub-half-wavelength atom localization is achieved. It is well known that many effects which are absent for the monochromatic excitation take place when a polychromatic field interacts with an atom. These effects include comblike spectra and the dependence of the comblike spectra on the phase between the polychromatic components [26] [27] [28] [29] . One can obtain the selective elimination of spectral lines by phase control. Here, we consider a three-level -type atom which is coupled by a strong trichromatic field and is probed by a weak monochromatic field. Of the trichromatic coupling components, one sideband is a standing-wave field with position-dependent Rabi frequency. The position information of the atom is taken by the probe field absorption or the population of the upper state. The selective elimination of spectral lines for the polychromatic excitation can reduce the periodicity in the conditional position probability distribution. This fact is employed in our scheme and leads to the sub-half-wavelength atom localization.
The purpose of the present paper is to present a different mechanism for the phase control of the sub-half-wavelength atom localization by employing a three-level atom as a simple model. The central component of the trichromatic field dresses the atom and establishes a ladder of dressed state doublets, and the two sidebands induce a closed loop of two-photon transitions in the dressed picture [27, 29, 30] . This gives rise to the phase control of the atom position and to the sub-half-wavelength localization. It is clear that such a mechanism is applicable to a four-level double atom with two closely spaced excited states. This is the case for most realistic systems. In this situation, the trichromatic field drives two dipole-allowed transitions. A ladder of dressed state triplets instead of the doublets is formed since the central component of the trichromatic field simultaneously drives two transitions. Likewise, a closed loop of two-photon transitions are induced in the dressed picture by the two sidebands. As
The atom localization scheme and (b) the internal energy level structure of the atom. A three-level atom moving in the z-direction passes through a classical standing-wave light field in a cavity aligned along the x-direction. A monochromatic probe field E p e −iω 1 t + c.c. with Rabi frequencies 2 p is applied to the transition |1 -|3 and a trichromatic coupling field (E 0 + E 1 e −iδt + E 2 (x)e iδt )e −iω 2 t + c.c. with Rabi frequencies 2 0,1,2 is applied to the transition |2 -|3 . The coupling fields 0,1 are perpendicular to the probe field p . 1 is the atom-probe detuning and 2 is the detuning of the central component of the trichromatic field from the atomic transition frequency. 2γ 1 and 2γ 2 are the decay rates from the level |3 to the levels |1 and |2 , respectively. a result, the phase control of the atom localization is achieved. The present scheme has its advantage over the previous four-level schemes [24, 25] . In those schemes, one uses three fields to couple the excited state of the probe transition to two auxiliary levels and to induce three transitions in a closed loop. Of the three transitions in the loop configuration, two are dipole allowed while the other is dipole forbidden. A strong microwave field must be applied to the dipole-forbidden transition. For the two dipole transitions, one should couple the two different laser fields to the respective transitions. When the excited states are closely spaced, the crossing couplings cannot be avoided. As a consequence, the closed loop is broken and the phase sensitivity is spoiled. It should be noted that in this case the two laser fields act as a bichromatic field. When only one more component is substituted for the microwave field we have a good phase dependence, as shown below.
Model and equation
The proposed scheme is shown in figure 1(a) . A three-level atom moving in the zdirection passes through a classical standing-wave light field in a cavity aligned along the x-direction. Figure 1(b) shows the internal energy level structure of the atom which has the two metastable states |1 and |2 and the excited state |3 . The |1 -|3 and |2 -|3 transitions are dipole allowed while the |1 -|2 transition is dipole forbidden. A monochromatic probe field E p e −iω 1 t + c.c. is applied to the transition |1 -|3 and a trichromatic coupling field (E 0 + E 1 e −iδt + E 2 (x) e iδt ) e −iω 2 t + c.c. is applied to the transition |2 -|3 , where ω 1 is the frequency of the probe field, ω 2 is the frequency of the central component of the coupling field, δ is the frequency difference of the trichromatic components and E 2 (x) = E 2 sin(kx) is the position-dependent standing-wave field component with wave vector k. The centre-of-mass position of the atom is assumed to be constant along the direction of the standing wave, we can then neglect the kinetic energy term for the atom in the Raman-Nath approximation. The master equation is derived in the dipole approximation as
where the free Hamiltonian H 0 and the interaction Hamiltonian H I are written as
Here, we have used the frame rotating with frequencies ω 1 and ω 2 for the two transitions, respectively. σ jk = |j k|(j, k = 1, 2, 3) represents a project operator for j = k and a flip operator for j = k. 
and 2γ 1 and 2γ 2 are decay rates from |3 to |1 and |2 , respectively. The set of equations of motion for the density matrix elements is derived from the master equation in a matrix form
where X(t) is a column vector
Q is an 8 × 8 matrix
Z is the column vector
and the parameters are
The system is closed, ρ 11 + ρ 22 + ρ 33 = 1.
Note that the coupling matrix Q and the inhomogeneous term Z are both time dependent via the parameters a and b. Following the same techniques as in [27, 29] , we solve equation (5) (5), equate the coefficients of harmonics of δ and obtain an infinite series of steady-state equations for the slowly varying amplitudes
where
where I in the matrix B n denotes an 8 × 8 unit matrix. (iii) Arrange the slowly varying amplitudes into a column vector
the steady-state solution for the slowly varying amplitude is derived as
where the matrix Q is composed of the matrixes A, B n , C,
the matrix R is an infinite series column vector
with its nonzero elements R (0)
Results and conclusion
The numerical calculation is performed by truncating the set of equations at a large value k necessary to achieve the required accuracy. Assume that the probe field is much weaker than the coupling field ( p 0,1 ) and that the atom is initially prepared in the ground state (ρ 11 ≈ 1). The conditional probability of finding the atom at position x in the standingwave field is given by [21, 25] 
where N is a normalized factor, f (x) is the centre-of-mass wavefunction of the atom and is assumed to be nearly constant over many wavelengths of the standing-wave field. Therefore, the atomic conditional position probability distribution is determined by the density matrix element ρ 33 (x), i.e., X better and better. At this moment, the atom is localized in the subwavelength domain with 25% detecting probability. The degree of the precision in the atomic position information for figure 2(a 3 ) is greater than that for figure 2(a 4 ) . It is seen from the above that only 25% detecting probability is obtained when φ = π/2, no matter how the detuning 1 is changed.
The detecting probability of the atom can be enhanced by varying the phases of the control fields. This is based on the fact that the phase control leads to the selective elimination of spectral lines. , where λ is the wavelength of the standing wave. That means that the measurement uncertainty is about 1% of the wavelength λ.
In conclusion, we have proposed the sub-half-wavelength localization scheme, in which a trichromatic coupling field and a monochromatic probe field are applied on the two transitions of a three-level -type atom. Due to the utilization of the standing-wave field, the measurement of the probe field absorption gives the atomic position distribution. By varying the sum of relative phases of the sideband components to the central component, we can obtain the sub-half-wavelength localization with 50% detecting probability. This is feasible in a wide range of the detunings of the two fields and the corresponding atomic transitions.
